In this paper, we will show that gravity can emerge from an effective field theory, obtained by tracing out the fermionic system from an interacting quantum field theory, when we impose the condition that the field equations must be Cauchy predictable. The source of the gravitational field can be identified with the quantum interactions that existed in the interacting QFT. This relation is very similar to the ER= EPR conjecture and strongly relies on the fact that emergence of a classical theory will be dependent on the underlying quantum processes and interactions. We consider two concrete example for reaching the result -one where initially there was no gravity and other where gravity was present. The latter case will result in first order corrections to Einstein's equations and immediately reproduces well-known results like effective event horizons and gravitational birefringence.
I. INTRODUCTION
Our understanding of gravity has undergone dramatic changes in the last couple of years by the advent of ideas like gravity/gauge theory correspondence and ER= EPR conjecture [1] [2] [3] [4] . However, we are still far away from exploiting these relations to its full potential. Much of the familiar examples of such correspondences come from string theory. In this paper, we will show how gravity can emerge out of an effective filed theory when we demand that the theory has to be Cauchy predictable.
Existence of a well-posed initial value problem goes to the heart of classical physics. Imposition of such a constraint on an effective filed theory will force that the underlying metric to be modified. However, this condition will immediately put a constraint on the dynamics of the gravitational field as shown in Ref. [5] [6] [7] . This is because suitable initial data surface are required to uniquely evolve the initial data. We will explicitly calculate the modified Lagrangian for the gravitational dynamics in two particular situations.
It turns out that we can, in fact, identify the source of the emergent gravitational field with the quantum interactions that were traced out to get the effective field theory. This draws a parallel between the quantum correlations of a field theory with a classical theory of gravity. This is very similar to the entanglement and gravity equivalence that has already been conjectured by Susskind, Maldacena, Van Raamsdonk and others.
Another important aspect of the calculations carried out in the paper is that there is neither strings on the gravity side nor a gauge theory in the 't Hooft limit in the field theory side.
In section II, we will consider Euler-Heisenberg action and show that corrections to the flat space metric emerges. In section III, we will consider QED on a curved background and explicitly calculate the modified Einstein's equations that we get from the theory and * vyshnavmohan@iisc.ac.in solve it for a spherically symmetric spacetime.
II.
QED ON A FLAT SPACETIME Quantum electrodynamics on a flat spacetime has been studied extensively for a very long period of time. Let us begin by considering the Euler-Heisenberg action [8] . In the lower energy limit, we can vary the action to get the equation of motion given by:
Here
where α is the fine structure constant and m is the mass of the electron. All the physical quantities are in natural units.
It is easy to see that photon propagation in this theory will be different from that dictated by Maxwell's equation. In fact, we will specifically see how the tensor that raises and lowers the indices will get modified. For that purpose, we use geometric optics approximation. Here the electromagnetic field tensor is assumed to be a product of a slowly varying amplitude and a rapidly varying phase, given by [9, 10] (2) and the wave vector is given by k µ = ∂ µ θ. Together with Bianchi identities D [µ F λν] = 0, we get the following constraint :
Where a ν is a vector in the direction of the polarization of the photon and can be assumed to obey the relation k µ a µ = 0. The polarization 4-vector is assumed to be space like normalized with respect to η ab and the latin indices run from 0 to 3. Thus Eq. (1) becomes :
(4) Thus, the modified light cone condition given by Eq. (4) can be written as
Where
This is strikingly similar to the light cone condition in general relativity, given by:
Now we turn our attention to something very interesting. It can be shown that if we are given a dispersion relation for some matter field and if we demand that these fields have to be Cauchy predictable, then the principle polynomial defined in [Ref. [5, 6] ] has to be a bi-hyperbolic and energy distinguishing homogeneous polynomial. From the light cone condition or from the coefficients of the highest-order derivative in Eq. (4), we can read off the dual polynomial for the system as
Certain properties of G ab follows directly from the definition of the tensor. We find that G ab is a billinear, symmetric, non-degenerate map on that tangent space T x M of the manifold M at every point x. Thus, G ab by itself can be treated as an effective metric of the manifold, provided an inverse metric exist at all points on the spacetime. It turns out that it is even possible to define G ab as a metric tensor of the manifold and find appropriate g ab which solves for G ab and satisfies its non-degeneracy condition. Thus, we calculate the principal polynomial to be
where G ab is the inverse of the metric G ab . Another compelling reason to consider G ab as an effective metric is the following:
The wave vector k µ is defined as a one-form belonging to the cotangent space T * x (M ) at every point of spacetime while the momentum p ν of the photon belongs to the tangent space T x (M ). In this modified theory, the relationship between them is not trivial as p ν = η µν k µ . Instead the wave vector is mapped to the momenta up to a factor by the Gauss map (See Ref. [6] 
This shows that G ab takes the role of η ab in raising and lowering the indices of vectors and co-vectors. Thus, G ab can be treated as an effective metric to the manifold.
For the modified Maxwell's equations to have a well posed initial value problem, the principal polynomial should be hyperbolic. Since the underlying geometry is determined by an effective metric G ab , the hyperbolicity of dual polynomial reduces to the condition that there exist some vector field h such that P # (h) > 0 and for any vector field q, the following equation has only two real roots
This condition will be satisfied if G ab has a lorentzian signature.
With the kinematical structure of the theory determined, it is necessary to evolve the geometric initial data among hypersurfaces so that all them serve as initial data surfaces for the modified matter field equations. From the geometrodynamical point of view, this information is encoded in the dynamics of the gravitational field. The lagrangian of gravitational dynamics can be explicitly calculated from a set of linear homogeneous partial differential equations given in Ref. [5, 7] , which are obtained from the modified matter equations and it has, a priori, nothing to do with the geometric metric. Thus, the imposition of Cauchy predictability of the modified matter equations leads to the modified gravitational dynamics.
Obtaining the Lagrangian from the principal polynomial is quite tedious. However, as the kinematical structure of the spacetime is described by a metric G ab , we can use the hindsight from Einstein-Hilbert action that the gravitational part of the new Lagrangian must contain a term proportional to the Ricci scalar of the metric G ab . It is also possible to reach the same conclusion by traversing the steps given in Ref. [5] . Thus, we arrive at the new lagrangian.
, where κ = 8πG (11) R is the Ricci tensor obtained from the metric G ab , Λ is the cosmological constant and L M is the Lagrangian of the matter fields appearing in the theory. We will vary the action explicitly for another system in the next section. This is a very interesting and surprising result. We have started off with Electromagnetic field on a flat spacetime and the imposition of Cauchy predictability of the effective one-loop theory has resulted in a curved spacetime! We will discuss more about this in section IV and see how it is related to the quantum interactions.
III. QED ON CURVED SPACETIME
The next example that we will be focusing on will be the Drummond and Hathrell effective action Γ DH , which can be calculated by accounting for one-loop corrections in QED [10, 11] i.e.
Here, Γ M is the free Maxwell action and S(x, x ′ ) is the electron propagator on the curved spacetime. Suppressing higher order derivatives of the curvature tensors relative to O(λ/L), where λ is the photon wavelength and L is the typical curvature scale, we can find out the effective action as in Ref. [11] . After varying the action, we obtain the following modified Maxwell's equation [10] :
where α is the fine structure constant and m is the mass of the electron. All the physical quantities are in natural units and F µν is the electromagnetic field tensor as usual.
As in the previous section, we use geometric optics to get the modified light cone condition:
Here, the polarization 4-vector is assumed to be space like normalized with respect to g ab and the latin indices run from 0 to 3.
Thus, the modified light cone condition can be written as
Arguing along similar lines as in the previous section, we get the dual polynomial and the principal polynomial for the system as
where G ab is the inverse of the metric G ab . Thus, we see that the correct relationship between p ν and k µ is:
Thus, G ab can be treated as an effective metric to the manifold. Now, let us focus on the predictability of the modified Maxwell's equations. This condition immediately translates to the hyperbolicity of dual polynomial. Thus, there should exist some vector field h such that P # (h) > 0 and for any vector field q, the following equation has only two real roots
Expanding the equation in terms of G ab results in a quadratic equation of λ as in Ref. [5] . Thus, the condition boils down to the discriminant of the quadratic equation being positive i.e.
Let
Here α, β runs from 1 to 3 and R αβ , R αcβd are the components of the tensors w.r.t basis {ǫ α } Multiplying inequality Eq. (22) by g αβ and multiplying inequality Eq. (23) by g 00 summing up the indices, we get,
These inequalities are satisfied if
Conversely, if inequality (3) is satisfied along with the condition that the metric g ab is lorentzian, the matter equations will have a well posed initial value problem.
A.
The Lagrangian
Using the trick that we employed in the previous section, we get the Lagrangian for the dynamics of the metric as :
(27) R is the Ricci tensor obtained from the metric G ab , Λ is the cosmological constant and L M is the Lagrangian of the matter fields appearing in the theory.
R contains the Ricci scalar of the metric g ab and higher order derivatives of Ricci and Riemann-Christoffel tensor of the metric g ab .
The equation of motion of the system can be obtained by varying the Lagrangian w.r.t the metric g ab . As the R term is messy, it is difficult to approach the problem directly. So, we vary the Lagrangian with G ab and then change the variation from G ab to g ab .
Focusing on the gravitational part of the Lagrangian and varying w.r.t to G ab , we get 1 2κ
(28) However, from the definition of G ab . we have
We analyze each term separately. We know that from Ref. [12] 
and δΓ
And
From pallatani identities [8] , we have
Therefore the variation can be written as
where G kl is the Einstein tensor associated with metric G ab . Consider the second term of the integral.
(37) Now, we use integration by parts twice to shift the covariant derivative from the variation of the metric and modify the dummy indices to get :
Now consider the third term
Let us focus on the second term of the above expression i.e.
Using the identity δg ec;ld − δg ec;dl = R a eld δg ac + R a cld δg ae for first and fourth terms and using integration by parts twice on other terms and then changing the dummy indices, we get
Thus, the integrand must vanish identically at all points. Therefore, the modified Einstein's equation is
Where the T kl is the stress-energy tensor.
B. Corrections to Schwarzschild metric
Solving directly for a homogeneous, static and spherically symmetric spacetime turns out to be a very difficult problem.Therefore, we linearize the metric and obtain the solutions to the modified equations. Thus, the metric is assumed to take the form g = B(r)dt⊗dt+A(r)dr⊗dr+r 2 (dθ⊗dθ+sin 2 θ dφ⊗dφ) (42) where B(r) = −(1 + k(r)) and A(r) = 1 + j(r). Here k(r) and j(r) are assumed to be infinitesimal in magnitude and we neglect their higher powers . We assume this applies to the higher order derivatives of the functions as well. In this way, we neglect the product or products of the function with their higher derivatives.This implies that the inverses are approximately given by
However, upon close inspection of the modified Einstein's equations, we find that these differential equations are of the order of six in terms of k(r) and j(r). But we can bring the order of the equations down by using the fact that the we keep only terms that are linear in k(r) and j(r) and their derivatives. The calculation of the components of RiemannChristoeffel tensor shows that all the non-vanishing terms are of infinitesimal magnitude. Hence, we can neglect the terms like G kh R l chd a c a d as G kh is also an infinitesimal quantity. Thus, the final equations comprise of terms containing G kh and a d and their covariant derivatives. This motivates to us to start from G ab rather than g ab .
So , we define
The component functions B(r), A(r) and R(r) can be calculated from the definition of G ab in terms of k(r) and j(r), but instead we define it as the following
and solve for v(r), w(r) and h(r).
In the case of Schwarzschild solution for Einstein's field equations, we have the vanishing of all the components of the Einstein tensors as T kl is zero. Using this information and by inspecting our modified equations, we can make an educated guess for a solution given by
It follows from the symmetry of the metric that
Thus the modified equations reduce to a single equation given by
Thus, it is clear that the solution to the modified Einstein's equation depends upon the polarization of the photon. To obtain a nice analytic solution and for the sake of simplicity, we look at a case where a r = (im 2 )/4ζ and a θ = a φ = 0. Thus, the equation becomes
Calculating the covariant derivative w.r.t g ab , and neglecting product of infinitesimal terms, we obtain
This can be further simplified to get : 
Thus, for very large r, the contribution of the third term in square bracket of Eq. (53) is negligible and we get the following equation :
The LHS is the radial component of the co-ordinate velocity of the photon. The dependence of the velocity with r can analyzed using Eq. (67). Plugging in the values of the functions, we can easily see that the radial component vanishes not at the Schwarzschild radius, but at a slightly closer value of r. This implies that the event horizon depends upon the direction of polarization of the light.
Since the metric G ab is lorentzian, the predictability of the matter equations is guaranteed and the principle polynomial becomes bi-hyperbolic. Thus, the solution doesn't violate the initial assumptions of the theory. Now let us consider a photon which is not polarized in any particular direction. Thus, the components a k will be varying in both negate and positive directions. As the frequency of this variation is greater than the reaction rate of the metric to the fluctuations of the electromagnetic field, we take a statistical average and find that a This is an interesting phenomenon as some photons "see" the event horizon at a particular distance while other photons with different polarization see the horizon at another radial co-ordinate. This is related to the fact that the modified Einstein's equation is dependent on the polarization of the photon. This is analogous to the dependence of wavelength of light in the rainbow gravity theory [4] . This solution could also contribute to the resolution of Horizon problem arguing along the lines of Ref. [13] .
Thus, this particular examples provides a solution with features that are all well-known and provides a consistency check for our formalism.
IV. DISCUSSION
In this paper, we have seen how the imposition of Cauchy predictability of an effective field theory can give rise to gravity. It is imperative that we understand where this new field is coming from. The existence of a well posed Cauchy problem is the most important part of any classical theory, even though one might have to specify a large number of initial conditions to actually solve the equations. As we have seen in the previous sections, the emergence of corrections to the metric was solely do to the imposition of such a constraint.
A century of physics has taught us that our universe is quantum mechanical. If the emergent classical system were to approximately describe the same reality that the quantum theory did, it is only natural to think that the quantities that appear only in the classical theory must have some counterpart(s) in the quantum theory. Now returning to our specific example, we can easily see that if the fermionic systems were not interacting with the photons, tracing out the former wouldn't have any effect on the latter. This would not result in any corrections at all. Thus, gravity is related to quantum interactions that existed between the fermions and the bosons.
This deep connection of gravity with quantum interactions has been already been conjectured by a number of people like Van Raamsdonk, Maldacena and Susskind. But most of these ideas were in the light of string theory. However, in our formalism, we see such a connection arises without considering any assumptions pertaining to string theory.
In fact, we can also make the following observation. Effective field theories are perfectly local if we contain ourselves to energies lower than the mass of the heaviest fermionic particle of the theory. However, if we were to probe higher energies, we would end up getting highly non-local effects as we have traced out a particle lighter than the energy scales we are probing. In order to get the same physics at lower energies, we replace the non-local interactions from virtual heavy particle exchange with a set of local interactions in these theories. Thus, it plausible to assume that the corrections to metric might also have its roots in the non-local interactions that would have otherwise emerged if we probed higher energies. This relation might enable us to draw a parallel between quantum correlations and classical notions, owing to the generality of the procedure in the paper.
